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Photonic cluster states are a powerful re-
source for measurement-based quantum com-
puting and loss-tolerant quantum communica-
tion. Proposals to generate multi-dimensional
lattice cluster states have identified coupled
spin-photon interfaces, spin-ancilla systems,
and optical feedback mechanisms as poten-
tial schemes. Following these, we propose the
generation of multi-dimensional lattice cluster
states using a single, efficient spin-photon in-
terface coupled strongly to a nuclear register.
Our scheme makes use of the contact hyper-
fine interaction to enable universal quantum
gates between the interface spin and a local
nuclear register and funnels the resulting en-
tanglement to photons via the spin-photon in-
terface. Among several quantum emitters, we
identify the silicon-29 vacancy centre in dia-
mond, coupled to a nanophotonic structure,
as possessing the right combination of optical
quality and spin coherence for this scheme. We
show numerically that using this system a 2×5-
sized cluster state with a lower-bound fidelity
of 0.5 and repetition rate of 65 kHz is achievable
under currently realised experimental perfor-
mances and with feasible technical overhead.
Realistic gate improvements put 100-photon
cluster states within experimental reach.
1 Introduction
Photons offer a robust way to distribute information
and entanglement to implement building elements
of quantum communication and computation [1–8].
Photon loss is the primary culprit for rate and fidelity
reduction in photonic systems [9–11]. A remedy to
photon loss is to utilise multiple photons in a way that
makes the joint state resilient to photon loss. Clus-
ter states are a promising solution for this approach
as they possess two key properties: (1) persistency,
meaning entanglement remains even if individual pho-
tons are lost or measured, and (2) maximal connect-
edness, meaning any two qubits can be brought into a
Bell state via local measurements [12–14]. In partic-
ular, multidimensional cluster states enable univer-
sal measurement-based quantum computation [4–6]
and measurement-based quantum repeaters for long
range quantum communication [14, 15]. Photonic
cluster states have been realised via both probabilis-
tic entanglement schemes, using spontaneous para-
metric downconversion [16–22] and delay lines [23], as
well as via deterministic entanglement schemes using
squeezed light and non-gaussian measurements [24],
and using quantum-dot (QD) spin to single-photon
interfaces [25, 26].
A deterministic approach was proposed initially for
microwave photons coupled to Rydberg atoms [27].
Simultaneously, an approach for optical photons cou-
pled to a solid-state emitter was proposed [25] as
a more feasible scheme to generate one-dimensional
photonic cluster states using a single spin-photon
interface and is of particular interest. In this ap-
proach, an optically addressable spin emits photons
sequentially, which are entangled to one another via
gates performed on the electron spin between each
photon-emission event. In 2010, Economou et al. ex-
tended this Lindner-Rudolph scheme by using multi-
ple coupled spin-photon interfaces to create a multi-
dimensional cluster state [28], necessary for quantum
information processing [29]. This proposal has since
been extended to leverage more recent experimental
advances on interactions between QDs [30], and to
produce arbitrary graph states from linear arrays of
spin-photon interfaces [31].
The complex photonic states necessary for quantum
communication, named “repeater graph states” [15],
can also be produced using two QDs [32] as well as a
single optically active spin coupled to an ancilla qubit,
such as a proximal nuclear spin [32, 33]. The lat-
ter approach is particularly attractive because of the
reduced technical overhead with respect to engineer-
ing interactions between multiple quantum emitters.
The ideal candidate is therefore an optically active
spin that combines excellent optical properties, long











































Fig. 1: Multi-dimensional entangled state production. (a) Linear production of entangled photons via an optical link with a
single proxy qubit. The hyperfine link between nuclear register and proxy qubit provides additional entanglement dimensions
amongst the linear string of photons. (b) 2-dimensional cluster state equivalent to one produced via the method shown in (a).
(c) 3-dimensional Toblerone state which could be produced by extending the scheme in (a), entangling the nuclear qubits to
each other.
spin coherence, and an intrinsic (deterministic) nu-
clear register strongly coupled to the spin for fast ex-
change of information.
In this proposal, we provide a scheme to gener-
ate a multidimensional cluster state from a single
spin-photon interface coupled strongly to an intrinsic
nuclear register via the hyperfine interaction. This
scheme can leverage a single high-spin nucleus act-
ing as a multi-qubit nuclear register. We identify
solid-state systems which could be used to realise this
scheme via an intrinsic nuclear spin, with group IV
colour centres in diamond constituting a particularly
promising platform. We analyse as an example case
the better-studied of these, the silicon vacancy (SiV)
colour centre in diamond coupled to a spin- 12 nucleus.
We calculate the state fidelity as a function of clus-
ter state size for a range of material parameters and
find that, when limited by gate fidelity values already
verified experimentally, our scheme can generate at a
rate of 65 kHz a 10-photon cluster state of dimensions
2×5 with fidelity F > 0.5 – exceeding the current
state-of-the-art for cluster states based on single pho-
tons. With realistic gate improvements, this can be
extended to generating a 100-photon, 2×50 cluster
state at 0.6 mHz with F > 0.9.
2 Cluster State Generation
Figure 1a illustrates the basic elements of our proto-
col, allowing for tailored connectedness among pho-
tons. A hyperfine link repeatedly creates entangle-
ment between the multi-qubit nuclear register and
the proxy qubit. One-by-one, the optical link gen-
erates photon qubits which are entangled with the
proxy qubit, using any of a polarisation, a frequency,
or a time-bin scheme. Figure 1b shows that by unfold-
ing the linear chain of photons in Fig. 1a, we reveal
the two-dimensional nature of the entanglement con-
nections within the cluster state. By extension, any
M×N two-dimensional cluster state can be produced
using a proxy qubit and M − 1 qubits in the nuclear
register, each linked to N photons. The outer qubit
rails of Fig. 1b can be linked further using the hyper-
fine interaction to create a three-dimensional struc-
ture, such as the Toblerone state of Fig. 1c.
Figure 2a shows a quantum circuit that generates
a two-dimensional, 3 × N cluster state in our ap-
proach, broken down into a preparation block, per-
formed once, and a building block, repeated N times.
All single-qubit gates are performed on the proxy
qubit, with hyperfine-enabled SWAP gates used to
transfer the nuclear qubit information to and from
the proxy qubit. Figure 2b shows a schematic dia-
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Fig. 2: (a) Quantum circuit and (b) diagram outlining the generation of a 3×N sized cluster state. The initialisation block is
followed by the building block, repeated N times. The coloured lines represent the position of each information qubit along
the circuit rails, swapping positions on a SWAP gate and showing which information qubit each gate is acting on.
gram that illustrates the following detailed stages of
the protocol, using the computational basis {|0〉 , |1〉}
as qubit states:
1. Initialisation: the proxy and nuclear qubits start
in the |0〉 state.
2. Preparation: the proxy and nuclear qubits are
each rotated, using a π/2 y-axis rotation (Ry)
gate, into an identical superposition state of |0〉
and |1〉.
3. Qubit entanglement : hyperfine-enabled
controlled-phase (CZ) gates are applied se-
quentially to entangle each nuclear qubit to the
proxy qubit.
4. Photon emission: cycling through each qubit in
the register (via SWAP gates), the proxy qubit
generates a photon qubit whose state is entangled
with that of the proxy qubit; this is equivalent to
a controlled-not (CNOT) gate.
5. Rotation: Ry gates extend the size of the cluster
state along N and prepare the nuclear and proxy
qubits for the next iteration of the building block.
Return to Qubit entanglement (stage 3) N − 1
times.
6. Completion: measuring the proxy and nuclear
qubits in the z basis results in a purely photonic
cluster state of M ×N photons.
The resulting time-ordered M×N photonic cluster
state is then ready to serve as the input state for a
measurement-based quantum algorithm. We show the
detailed quantum-state tracking and its equivalence to
a cluster state in Appendix A. We note that the pre-
sented circuit is constructed for maximal pedagogical
value, and there exists optimised circuits with a re-
duced number of rate-limiting SWAP gates, resulting
in the same cluster state.
3 Suitable systems for implementation
To realise this protocol with high fidelity and high
production rate the system of choice must be a bright
and coherent photon source with a coherent electronic
ground-state spin, which in turn couples strongly to a
nuclear register. The brightness and coherence of the
photon source can be quantified according to its ex-
cited state lifetime (τ), its internal quantum efficiency
(ηQE), overall photon collection efficiency (ηCE) and
Debye-Waller factor (ηDWF). It must also possess
cyclic optical transitions that can be used to generate
entanglement between the ground state spin and the
photons in a chosen degree of freedom, such as fre-
quency or polarisation. The coherence time of both
the ground-state spin (T2) and the nuclear register
must be long compared to the duration of the whole
protocol for the desired value of N . This duration
is dominated by the strength of the hyperfine inter-
action (A), which limits the speed of SWAP and CZ
gates between the proxy qubit and the nuclear reg-
ister. This register can be realised through proximal
nuclear spins [34], collective excitations of a nuclear
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spin ensemble [35], or a single intrinsic nuclear spin
(I ≥ 12 ) [36]. Given the importance of efficient gener-
ation and collection of photons, optically active spins
in solids [37] offer the advantage of being more readily
coupled to nanostructures, enabling higher collection
efficiencies [38, 39]. Table 1 presents a selection of
such candidate systems for a comparison across all
relevant and available metrics.
Self-assembled InGaAs QDs remain the best per-
forming single-photon sources, featuring near-unity
quantum efficiency and record-high photon collec-
tion via cavity coupling [41, 42, 76], as well as fast
and high-fidelity control of the electron spin [77–79].
They remain the only spin-photon interface that has
been used to generate photonic cluster states [26].
They also feature a multi-mode nuclear spin ensem-
ble that could serve as a large nuclear spin register for
this scheme [80]. However, reaching beyond proof-of-
concept demonstrations faces the challenge of modest
proxy spin coherence times, which can be up to a few
microseconds [46, 47].
Colour centres are another realisation of single-
photon sources in the solid-state. Those in silicon car-
bide have access to proximal nuclear spins and in the
VV0 colour centre, CNOT gates have been realised,
as well as nuclear-electron spin SWAP gate fidelities
of greater than 93% [51, 81]. The main challenge lies
in improving collection efficiencies [50], and this will
depend on their spin and photon quality once they
are coupled to photonic nanostructures. We also note
centres in other systems, including defects in hexago-
nal boron nitride [82] and rare-earth ions [83], which
can also be suitable for photonic cluster state genera-
tion, after we gain sufficient insight into their optical
and spin properties in tandem.
Diamond is a particularly promising host for colour
centres, possessing the largest optical bandgap of any
material [84–86]. The most understood colour centre
in diamond is the nitrogen vacancy (NV) centre dis-
playing outstanding spin coherence even at room tem-
perature. The intrinsic host nuclear spin, 14N, fea-
tures a 2.18 MHz hyperfine coupling strength [60] and
can be addressed both through frequency-selective mi-
crowave pulses [60] and via the coupling of spin sub-
levels [87, 88]. Its state-selective optical transitions
have also been used to demonstrate spin-photon en-
tanglement [89]. The challenge lies in improving the
fraction of photons emitted and collected via cavity
coupling, but progress in this area has so far remained
modest due to the degradation of the spin and optical
qualities of the NV centre in the vicinity of nanostruc-
tured surfaces [38].
The more recently studied group IV colour centres
in diamond possess an inversion-symmetric molecular
structure that makes them less sensitive to electric
field fluctuations, ultimately resulting in improved
optical properties and compatibility with diamond
nanostructures [68, 71, 90–92], such as waveguides
and nanocavities, achieving full system detection ef-
ficiencies (ηCE) of 85% [62] and cavity-coupling effi-
ciencies (β-factor) of up to 95% [72, 93, 94]. Group IV
colour centres have also been coupled to nanocavities
with cooperativity C = 105 ± 11, resulting in Pur-
cell enhancement of the radiative decay paths and an
improvement of ηQE [62]. The SiV group IV colour
centre has ηDWF = 0.7-0.8 [64, 65], whilst the tin and
germanium vacancies have been measured at ηDWF =
0.6 [70, 74]. Of the group IV colour centres, the most
widely studied has been SiV [36, 61, 63, 66, 71, 95–98],
for which a dynamically decoupled coherence time T2
has been shown to exceed 10 ms at 100 mK [63]. 29Si
can provide an intrinsic nuclear spin, and has been
measured to have an isotropic hyperfine interaction
with A⊥ ≈ A‖ = 70 MHz [66], in agreement with
theoretical predictions [99]. Whilst 29Si is a 12 nu-
clear spin, 73Ge is a 92 nuclear spin, allowing for a
multi-mode (or multi-qubit) nuclear register. The re-
maining group IV colour centres are expected to fol-
low similar trends in their optical and spin properties,
making them a natural platform on which to perform
our multidimensional cluster state generation scheme.
4 Cluster-state generation with SiV
centres
To test the feasibility of our proposed scheme we es-
timate a lower-bound for the fidelity and rate with
which our scheme could be used to produce a 2D clus-
ter state using an SiV centre with an intrinsic spin- 12
29Si nucleus. To do so, the conceptual circuit shown
in Fig. 2 must be translated into a physical pulse se-
quence tailored for the SiV transitions, for which: (i)
control of the electron qubit has been achieved with
both microwave [100] and all-optical [61] pulses in res-
onance with the qubit splitting, (ii) two-qubit gates
can be performed solely through control of the elec-
tron by exploiting its hyperfine interaction with the
ancillary qubit [36], and (iii) the existence of cyclic
transitions between the ground and excited states [63]
can allow spin-dependent photon emission.
Electron-nuclear gates – The link between the elec-
tronic and the 29Si nuclear spins in SiV is an isotropic
hyperfine interaction and thus of the form A‖~σ · ~σ,
where A‖ = A⊥ = 70 MHz [66] is the hyperfine con-
stant and ~σ are the Pauli matrices. Under an ex-
ternal magnetic field the splitting between the elec-
tronic states can be made larger than this hyperfine
interaction owing to the electronic gyromagnetic ratio
(12-25 GHz/T [63, 66, 96]), and thus A‖σz ⊗ σz can
be treated as the dominant secular term, where z is
the quantisation axis of the electron. In the regime
where the spin-orbit coupling rate λSO = 50 GHz [95]
dominates over the Zeeman splitting of the electron,
the quantisation axis (z) remains predominantly along
the symmetry axis of the SiV defect (see also Ap-
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Table 1: Parameters: τ excited state lifetime, C cooperativity (best to date), ηCE collection efficiency (best to date), T2
coherence time (with dynamical decoupling), A hyperfine constant, I intrinsic nuclear spin. † expected value. †† collective
non-collinear interaction. ∗ estimated, corrected for zero-phonon line emission.
pendix B).
The A‖σz ⊗ σz term acts as a conditional effective
magnetic field on the nucleus, dependent on the state
of the electron, which can be exploited to realise two-
qubit gates between the electron and nuclear spins.
Dynamical decoupling gates built on this condition-
ality have been used to control 13C spins in proxim-
ity to both the NV and the SiV centres [62, 101].
For 13C, these exploit the dipolar coupling of the two
spins, which takes the form σz ⊗ σx. To control the
intrinsic 29Si nuclear spin an analogous term can be
achieved with an off-axis magnetic field, which dom-
inates as the quantisation axis of the nucleus, but is
not strong enough to overcome the electron’s spin-
orbit coupling. This results in axes of precession for
the nucleus that are conditional on the electron state
[101]. Dynamically decoupled protocols of the form
(τf − π − 2τf − π − τf )N , where τf corresponds to
a free precession time and π to an electronic Rx(π)
gate, can then be used. By matching the interpulse
spacing 2τf to the nucleus precession dynamics, condi-
tional and unconditional rotations of the nuclear spin
can be realised. By combining these units with gates
on the electron, the required SWAP and CZ two-qubit
operations, as well as single nuclear qubit operations
can be realised.
Spin-operations fidelity – High-fidelity electron
gates (> 99%) and spin-photon entanglement (>
94%) have both been achieved in SiV [62], and neither
are limited by fundamental properties of the light-
matter interface. As such, we characterise the errors
induced by electron-nuclear gates by first simulating
the cluster state as a whole considering instantaneous,
ideal single-qubit gates on the electron and ideal single
photon emission. Under this assumption, we simulate
the Fig. 2a circuit output for a 2× 2 cluster state,
ρ, and calculate the fidelity F2×2 =
√
〈ψ2×2| ρ |ψ2×2〉
of a cluster state |ψ2×2〉; our simulation procedure is
explained in detail in Appendix C. Due to the small
value of the nuclear Zeeman splitting compared to
typical hyperfine constants, a relatively large mag-
netic field is preferable to obtain fast gates. Here we
select Bz=0.6 T and Bx=0.6 T to maintain achiev-
able microwave control frequencies with gate dura-
tions of 1.6µs for SWAP gates and 1.1µs for CZ
gates. We identify the electron spin coherence as the
dominant dephasing term in the electron-nuclear in-
teraction, as characterised by the Hahn-echo T2 whose
value is limited by nuclear spin noise and sample tem-
perature [63]. Figure 3a shows the calculated fidelity
F2×2 as a function of the electronic T2 (Hahn echo)
and the hyperfine constant A‖, which allows straight-
forward comparison with similar group-IV systems.
Below T2 ∼ 8µs, we observe an increase of fidelity
with hyperfine constant, owing to faster gates. Above
T2 ∼ 8µs, we obtain a state fidelity of 99.9%, a con-
stant value which is limited only by our gate optimi-
sation procedure (Appendix C). While more advanced
pulse schemes, such as PulsePol for SWAP gates [102],
could result in a shorter sequence length and im-
proved fidelities, our proposed dynamically decoupled
gates provide a baseline of the expected decoherence-
induced infidelities.
Extended cluster state fidelity – To estimate the fi-
delity of longer cluster states, we take the loss of fi-
delity within each part of the scheme, preparation
and building block, finding fidelities of 99.9% and
99.8% respectively. We extrapolate this loss expo-
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Fig. 3: (a) Calculated fidelity of a 2×2 cluster state as a
function of the electronic coherence time T2 (Hahn echo)
and the parallel component of the hyperfine interaction A‖.
At each point, the magnetic field is selected to minimise
the time-length of the sequence. The effects of finite T2
are introduced via an Ornstein–Uhlenbeck noise bath (Ap-
pendix C). The dashed lines indicate parameters relevant to
29Si: A‖ = 70 MHz and T2 = 300µs. [63, 66] (b) Ex-
trapolated decoherence-limited fidelity of a cluster state as
a function of the cluster state length for T2 = 2µs (blue),
T2 = 8µs (orange), and for T2 = 300µs (black). The dashed
grey line shows the fidelity limit imposed by a 94%-fidelity
spin-photon entanglement gate. (c) Fidelity of the photon
emission as a result of the spin dephasing in the excited state,
shown as a function of the lifetime of the excited state (τ)
and of the difference in electronic precession frequency be-
tween the ground and optically excited states (∆ω). The
dashed lines indicate parameters relevant to our simulation
of SiV: τ = 1.7 ns and ∆ω = 3 GHz.
nentially to the target cluster state length, assuming
the electron spin initialisation and readout in stages
1 and 6 in Fig. 2 have near-unity fidelity [62]. Fig-
ure 3b shows the cluster state fidelity F as a func-
tion of its length for several values of T2 from 2µs
to 300µs. We also show the limit set by, to date,
the best achieved spin-photon entanglement fidelity
of 94% (grey dashed line). Under such experimental
conditions, our scheme can generate a 2× 5 cluster
state with F > 0.5. In stark contrast, spin-photon en-
tanglement operations of unity fidelity combined with
T2 ∼ 300µs allows for the same cluster state to be
produced with F > 0.99, and for 2× 50 cluster states
with F > 0.90.
Dephasing errors in photon emission – Errors in
the photon emission step depend on the approach
used to transfer the spin qubit onto the photon. A
natural spin-photon entanglement scheme to consider
is to excite two cyclic optical transitions from the
ground state to the excited state of SiV simultane-
ously [63], as is in the original Lindner et al. pro-
posal [25]. However, at finite magnetic field |B| re-
quired by our scheme, the non-degenerate frequen-
cies of these two optical transitions introduce a spin
phase uncertainty of φ = ∆geµB|B|τ , where τ is the
finite lifetime of the excited state, and ∆ge the elec-
tronic g-factor difference between the ground and ex-
cited states. To quantify the corresponding error on
the spin-photon entangled state, we consider an initial
electronic spin state (|0〉+ |1〉)/
√
2, which after opti-
cal excitation and subsequent photon emission trans-
forms to |Ψ(φ)〉 = (|0〉 |γ0〉 + eiφ |1〉 |γ1〉)/
√
2, where
|γ0,1〉 are the states of the emitted photons. Figure 3c
shows the fidelity F = max|α〉
√
〈α| ρ |α〉, where |α〉
is a pure state and ρ is the density matrix obtained
by averaging over the distribution of states |Ψ(φ)〉.
As an example point (dashed lines), we see that for
the combination of the SiV natural excited state life-
time and a magnetic field that is specific to our clus-
ter state calculations, the spin-photon entanglement
fidelity would be limited to ∼ 80%.
Such an error process is general to schemes that
encode photon qubits as colour or polarisation. In
the former case, the requirement to resolve the two
transitions in colour imposes φ = ∆geµB|B|τ & 2π,
which necessarily introduces a large unknown dephas-
ing. This effect has been observed as an oscillation
in the qubit readout as a function of the photon’s
emission time [89, 103–105]. Polarisation encoding
is thus by far preferable as it imposes no restric-
tion on the excited state lifetime, which can be made
short enough (e.g. by Purcell enhancement) such that
φ = ∆geµB|B|τ  2π, and is the commonly employed
basis in proposals [32] and experimental realisations in
QDs [26] and NVs [89]. In the case of SiV, such a po-
larisation encoding is possible in unstrained centres,
for which optical emission between states of orthogo-
nal orbitals corresponding to the spin-flipping peaks
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is circularly polarized (σ+, σ−), and is the only emis-
sion collected along the SiV 〈111〉 symmetry axis [95].
To achieve high collection efficiency, the spin-flipping
optical transitions must be nearly cyclic, which could
be achieved using a cavity oriented along the 〈111〉 di-
amond orientation.
As a third spin-photon entanglement scheme to
consider, the photon qubit can be encoded in time
bins. This is achieved by exciting a single, cyclic
spin conserving transition, followed by applying a π
pulse to invert the qubit, exciting the same transition
again, and finally applying a π pulse to restore the
spin qubit. In this encoding, neither polarisation se-
lective optical rules nor energy-degenerate transitions
are required. Further converting the time bins into
polarisation degrees of freedom bypasses the issue of
excited state dephasing presented above and has been
demonstrated with an NV center [106].
Cluster state generation rate – The rate R at which
a cluster state containing M ×N photons can be pro-
duced and used is exponentially dependent on the
generation, collection, and detection (ηDE) efficien-
cies: R ∝ (ηQE · ηDWF · ηCE · ηDE)M×N . Full sys-
tem efficiencies ηQE · ηDWF · ηCE · ηDE = 85% have
been shown for diamond cavities with cooperativity of
C = 105±11 [62], enabled by high-efficiency diamond-
fibre coupling (>90%) and routing to superconducting
nanowire single photon detectors. In this case, a 2×5
cluster state (scheme length of 3µs) can be produced
at 65 kHz and a 2×50 cluster state (scheme length of
30µs) can be produced at 0.6 mHz.
5 Conclusions
We have presented a protocol to generate multidi-
mensional photonic cluster states using a single spin-
photon interface by making use of the strong hyperfine
link between an optically active electronic spin and an
intrinsic nuclear spin register. We explored the feasi-
bility of our scheme via the diamond 29Si-vacancy cen-
tre coupled to a nanophotonic structure, and used cur-
rent experimental performance to show that a 2×5-
sized cluster state with a fidelity of F > 0.5 can be
generated at 65-kHz repetition rate – well beyond the
current state of the art for proposals based on single
photons [23]. The scheme can be applied directly to
the other group-IV diamond colour centres such as tin
vacancy and germanium vacancy, both having nuclear
spin isotopes. The latter is host to a 92 -nuclear spin
that could be used as a 3-qubit nuclear register to ex-
tend the spin-dimension to 4 rails [107]. Our proposal
can also be adapted in a straightforward manner to
other spin-photon interfaces, such as self-assembled
QDs, silicon carbide, or rare-earth ions.
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J. Ul Hassan, M. Syväjärvi, W. F. Koehl,
T. Ohshima, N. T. Son, E. Janzén, Á. Gali,
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A Cluster state equivalence
The following shows the evolution of the quantum
state through one repetition (N = 1) of the build-
ing block of the circuit of Fig. 2, for a register of two
nuclear spins coupled to the proxy qubit. We use
the computational basis {|0〉 , |1〉} for the spin qubits,
and the circular polarisation basis {|L〉 , |R〉} for the
photon qubits (assuming a polarisation-based spin-




(|1〉+ |0〉) |1〉 |1〉
SWAP12 & Ry:
(|1〉+ |0〉)(|1〉+ |0〉) |1〉
SWAP12, SWAP13 & Ry:
(|1〉+ |0〉)(|1〉+ |0〉)(|1〉+ |0〉)
SWAP13: & CZ12:
(− |1〉 |1〉+ |1〉 |0〉+ |0〉 |1〉+ |0〉 |0〉)(|1〉+ |0〉)
CZ13:
|1〉 |1〉 |1〉 − |1〉 |0〉 |1〉+ |0〉 |1〉 |1〉+ |0〉 |0〉 |1〉+
− |1〉 |1〉 |0〉+ |1〉 |0〉 |0〉+ |0〉 |1〉 |0〉+ |0〉 |0〉 |0〉
SWAP12 & photon generation:
|1〉 |R〉 |1〉 |1〉 − |0〉 |L〉 |1〉 |1〉+ |1〉 |R〉 |0〉 |1〉+
|0〉 |L〉 |0〉 |1〉 − |1〉 |R〉 |1〉 |0〉+ |0〉 |L〉 |1〉 |0〉+
|1〉 |R〉 |0〉 |0〉+ |0〉 |L〉 |0〉 |0〉
SWAP12 & photon generation:
|1〉 |R〉 |1〉 |R〉 |1〉 − |1〉 |R〉 |0〉 |L〉 |1〉+
|0〉 |L〉 |1〉 |R〉 |1〉+ |0〉 |L〉 |0〉 |L〉 |1〉−
|1〉 |R〉 |1〉 |R〉 |0〉+ |1〉 |R〉 |0〉 |L〉 |0〉+
|0〉 |L〉 |1〉 |R〉 |0〉+ |0〉 |L〉 |0〉 |L〉 |0〉
SWAP13 & photon generation:
|1〉 |R〉 |1〉 |R〉 |1〉 |R〉 − |1〉 |R〉 |0〉 |L〉 |1〉 |R〉+
|1〉 |R〉 |1〉 |R〉 |0〉 |L〉+ |1〉 |R〉 |0〉 |L〉 |0〉 |L〉−
|0〉 |L〉 |1〉 |R〉 |1〉 |R〉+ |0〉 |L〉 |0〉 |L〉 |1〉 |R〉+
|0〉 |L〉 |1〉 |R〉 |0〉 |L〉+ |0〉 |L〉 |0〉 |L〉 |0〉 |L〉
SWAP13 & SWAP12:
|1〉 |R〉 |1〉 |R〉 |1〉 |R〉 − |0〉 |L〉 |1〉 |R〉 |1〉 |R〉+
|1〉 |R〉 |0〉 |L〉 |1〉 |R〉+ |0〉 |L〉 |0〉 |L〉 |1〉 |R〉−
|1〉 |R〉 |1〉 |R〉 |0〉 |L〉+ |0〉 |L〉 |1〉 |R〉 |0〉 |L〉+
|1〉 |R〉 |0〉 |L〉 |0〉 |L〉+ |0〉 |L〉 |0〉 |L〉 |0〉 |L〉
Ry & SWAP12:
|1〉 |R〉 (|1〉+ |0〉) |R〉 |1〉 |R〉−
|1〉 |R〉 (− |1〉+ |0〉) |L〉 |1〉 |R〉+
|0〉 |L〉 (|1〉+ |0〉) |R〉 |1〉 |R〉+
|0〉 |L〉 (− |1〉+ |0〉) |L〉 |1〉 |R〉−
|1〉 |R〉 (|1〉+ |0〉) |R〉 |0〉 |L〉+
|1〉 |R〉 (− |1〉+ |0〉) |L〉 |0〉 |L〉+
|0〉 |L〉 (|1〉+ |0〉) |R〉 |0〉 |L〉+
|0〉 |L〉 (− |1〉+ |0〉) |L〉 |0〉 |L〉
Ry & SWAP13:
|1〉 |R〉 (|1〉+ |0〉) |R〉 (|1〉+ |0〉) |R〉−
|1〉 |R〉 (− |1〉+ |0〉) |L〉 (|1〉+ |0〉) |R〉+
|1〉 |R〉 (|1〉+ |0〉) |R〉 (− |1〉+ |0〉) |L〉+
|1〉 |R〉 (− |1〉+ |0〉) |L〉 (− |1〉+ |0〉) |L〉−
|0〉 |L〉 (|1〉+ |0〉) |R〉 (|1〉+ |0〉) |R〉+
|0〉 |L〉 (− |1〉+ |0〉) |L〉 (|1〉+ |0〉) |R〉+
|0〉 |L〉 (|1〉+ |0〉) |R〉 (− |1〉+ |0〉) |L〉+
|0〉 |L〉 (− |1〉+ |0〉) |L〉 (− |1〉+ |0〉) |L〉
Ry & SWAP13:
(|1〉+ |0〉) |R〉 (|1〉+ |0〉) |R〉 (|1〉+ |0〉) |R〉−
(|1〉+ |0〉) |R〉 (− |1〉+ |0〉) |L〉 (|1〉+ |0〉) |R〉+
(− |1〉+ |0〉) |L〉 (|1〉+ |0〉) |R〉 (|1〉+ |0〉) |R〉+
(− |1〉+ |0〉) |L〉 (− |1〉+ |0〉) |L〉 (|1〉+ |0〉) |R〉−
(|1〉+ |0〉) |R〉 (|1〉+ |0〉) |R〉 (− |1〉+ |0〉) |L〉+
(|1〉+ |0〉) |R〉 (− |1〉+ |0〉) |L〉 (− |1〉+ |0〉) |L〉+
(− |1〉+ |0〉) |L〉 (|1〉+ |0〉) |R〉 (|1〉 − |0〉 |L〉)+
(− |1〉+ |0〉) |L〉 (− |1〉+ |0〉) |L〉 (− |1〉+ |0〉) |L〉
Measure, assuming a collapse of all spin qubits
into the |1〉 state:
|R〉 |R〉 |R〉 − |R〉 |L〉 |R〉+ |L〉 |R〉 |R〉+ |L〉 |L〉 |R〉−
|R〉 |R〉 |L〉+ |R〉 |L〉 |L〉+ |L〉 |R〉 |L〉) + |L〉 |L〉 |L〉
As desired this is a three-photon cluster state.
B Group IV Nuclear control
We consider the S = 12 electronic state of a negative
group IV vacancy which is coupled to its intrinsic nu-
clear spin via a hyperfine interaction. As mentioned
in the main text, this coupling has been observed to
be mostly isotropic and thus the Hamiltonian for this
system can be written as,
H = γeBz
σz
2 ⊗ I +
Ω
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where ~B is the magnetic field in a coordinate frame
where ẑ is oriented along the symmetry axis of the de-
fect and γe and γn denote the electronic and nuclear
gyromagnetic ratios respectively. Here we have as-
sumed that γeBx,y  λSO where λSO is the spin-orbit
coupling and thus the electronic quantization axis is
approximately ẑ. For SiV, its ground state splitting
of 50GHz corresponds to an effective magnetic field
on the electron of 2T; for SnV, it is 30T. A‖ and
A⊥ are the parallel and perpendicular components of
the hyperfine interaction and Ω is the Rabi frequency,
here taken as real, and ω the microwave frequency. To
obtain a time-independent problem we introduce a ro-
tating frame at frequency ω by performing the trans-
formation e−iωtσz/2⊗IHeiωtσz/2⊗I and define the de-
tuning δ = ω − γeBz. Neglecting the non-secular A⊥
term the new Hamiltonian,









can be exploited to control the nuclear spin via the
electron and thus to perform two-qubit gates. We
propose to work in a regime where the magnetic field
is off-axis and therefore the nuclear precession axis is
dependent on the electronic state, due to the hyperfine
interaction. While this off-axis magnetic field enables
conditional control of the nuclear spin, it also leads
to unwanted spin-flipping transitions when decaying
from the excited state. A high degree of cyclicity is
nevertheless preserved when spin-orbit dominates, as
is the case for heavier Group IV elements or weak
off-axis magnetic fields.
C Dynamical decoupling gates
An off-axis magnetic field introduces terms in the
Hamiltonian of the form σz ⊗ σx. These are analo-
gous to the dipolar coupling terms between electronic
spin qubits and neighbouring nuclei, for which con-
trol has been demonstrated experimentally in NVs
and more recently in Group IV defects [62, 101]. Fol-
lowing equation 1 for the case of an off-axis magnetic
field component along x̂, the nuclear spin will pre-







electron in the states S = ±1/2. This conditional
precession can be exploited via dynamical decoupling
sequences of the form (τf − π − τf )N by tuning the
interpulse spacing 2τf in resonance with the nucleus
dynamics.
The nature of the resonances depends on the rela-
tive values of γnBx and A‖. For the case of weakly
coupled 13C, γnBx/2  A‖ and the precession axes
are close to parallel (ω̂+ · ω̂− ∼ 1). For strongly cou-
pled nuclei, like 29Si, A‖ typically dominates and thus
the axis are close to anti-parallel (ω̂+ · ω̂− ∼ −1). In
this case, conditional rotations of the nuclear qubit
are obtained when
(| ~ω+| − | ~ω−|)τ = (2n− 1)π,
where n is a positive integer. Unconditional rotations
along two perpendicular axis are obtained under a
similar resonance condition where 2n − 1 is replaced
with 2n and when the system is driven off-resonantly.
This set of gates, along with control of the electron, is
universal and can be utilised to construct the required
SWAP and CZ gates.
In our simulation, we construct the SWAP and
CZ gates by numerically finding the combination of
τf − π− 2τf − π− τf units that results in the highest
fidelity. To do so, we select a target gate and start
by concatenating k of these units with interpulse spac-
ings {τf,0, τf,1, ..., τf,k}. To allow for the generation of
any two-qubit gate, we also include, at random, elec-
tron gates between the dynamically decoupled units.
By perturbing these spacings and computing the over-
all unitary transformation of the gate for an ideal sys-
tem with no decoherence, we find the local maximum
of the gate fidelity with respect to all τi. This local
optimisation is run repeatedly for variable k until a
gate is found that meets the required fidelity thresh-
old of 99.9%.
To model the effects of decoherence, an additional




The noise field B(t) can take several forms. The sim-
plest assumption is that of a stationary Gaussian and
Markovian noise source: an Ornstein–Uhlenbeck pro-
cess. This can be physically motivated through a bath
of nearby nuclear spins. Analytical relations can be
derived relating the strength (b) and timescale of cor-
relations (τc) to measurements of the inhomogeneous
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